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D ' Abstract. Explicit formulas for the symmetrizer and the antisymmetrizer of the 



Birman-Wenzl-Murakami algebras BWM(r, q) n are given. 
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1. Introduction 



The Birman-Wenzl-Murakami algebra was first defined and independently studied 
by Birman and Wenzl |l] and Murakami Q . The Iwahori-Hecke algebras of Type A and 
the Birman-Wenzl-Murakami algebras naturally arise as centralizer algebras of tensor 
O \ product corepresentations of quantum groups of Type A and of Type B, C, and D, 
^ \ respectively ||, |] . Irreducible characters and primitive idempotents of Hecke algebras 
have been intensively studied during the last 30 years. There are explicit constructions 
of analogues of the Young symmetrizer and Specht modules 0, |3|. However, in case 
of the Birman-Wenzl-Murakami algebras there are only a few papers in this direction 
|[], |3|. Young symmetrizers for the Birman-Wenzl-Murakami algebra are not known. 

The aim of this Letter is to give recursive but explicit formulas for the most important 
minimal central idempotents of the Birman-Wenzl-Murakami algebras namely for the 
symmetrizer S n and the antisymmetrizer A n . For the symmetrizer, we establish the 
. F^. , formulas 

cS n = S n -\b^ l _ii = a^ l _iiS n -i = S n -\ [^-]bi n _i = &n-i ,1^1— 

where c is a normalization constant. Here S^-ijl] denotes the symmetrizer SVi-i shifted 
by one. The elements af n _ x and a^_! i are the substitutes for the well-known sums of 
shuffle permutations 

1 + si + sis 2 + ■ ■ ■ + si ■ ■ ■ s n -i and 1 + s n _i + s n _is„_ 2 H h s„_i ■ ■ • si 

in the group algebra of the symmetric group. The elements b^_ l x and b J [ n _ 1 correspond 
to the sum of the inverse shuffle permutations. Taking the quotient of BWM(r, q) n by 
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the relations e\ — ■ ■ • — e n -\ = one gets the well-known formula for the symmetrizer 
of the Hecke algebra 

w 

where the sum is over all elements w of the symmetric group of n variables. Here T w 
denotes the corresponding elements of the Hecke algebra and £(w) is the length of w. 
Similar formulas for the antisymmetrizer A n are also given. 

2. The Birman-Wenzl-Murakami Algebra 

Let n G N, n > 2, and r, q G C \ {0}. Further, we assume that q k ^ 1 for any fceN 
and r ^ ±q k for any fceZ. We use the abbreviation q for the complex number q — q^ 1 . 
The symbol [&;], fceZ, denotes the complex number (q k — q~ k )/(q — q^ 1 )- 

The Birman-Wenzl-Murakami algebra BWM(r, q) is the unital algebra over the 
complex numbers generated by the elements g^, e^, i — 1, . . . , n — 1, and relations 

9i9i+i9i = 9i+igi9i+i, 9i9j = 9j9i for \i - j\ > 1, (1) 

gl = 1 + qgi - r~ x qe h gfr = = r" 1 ^, (2) 

9i9i+l e i = e i+l e ii 9i+l9i e i+l = e i e i+l- (3) 

For any n G N, n > 2, the algebra BWM(r, q) n is naturally embedded into the algebras 
BWM(r,g) n+fc , k > 0. 

There is an algebra automorphism a n of BWM(r, q) n defined by a n (ft) = g n -i, 
«n(ej) = e n -i for all i — 1, . . . , n — 1. There is an algebra antiautomorphism (3 n of 
BWM(r, q) n defined by /3 n (9i) = 9i, /3 n ( e i) — e i f° r an Y i — 1, ■ ■ ■ ,n — 1. There is an 
algebra isomorphism 7„ : BWM(r, q) n — > BWM(r,p) n , p = —q^ 1 , given by 7 n (fi'j) = 9i, 

Let s : BWM(r, q) n — >• BWM(r, be the algebra homomorphism defined by 

s( gi ) := g i+l , s(ei) = e i+1 . If b =: b[Q] G BWM(r,?) n and s k (b) G BWM(r, q) n for some 
k G N, then we write for the element s k (b). 

3. The Symmetrizer 

The symmetrizer S n is the unique nonzero element of the algebra BWM(r, q) n such 
that S% = S n and S n gi = qS n for any i — 1, . . . , n — 1 || Theorem 5.14]. It follows 
that S" n is central, in particular giS n = qS n for all z = 1, . . . , n — 1. It is well known 
that 
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Now let us introduce the elements 

cf£. := et-xCk-2 ■ ■ ■ et E <f S^i-i • • • 9i-j, 1 <i < k, (5) 



Ki ■= E 9*^1 • • • + x _ l-i r E ? 2fc " 2i+1 4 + l,^ < /c < n. (6) 

i=0 ^ i=l 

More precisely, formula (D reads as = e fc _ie fc _ 2 • • ■ e 4 <? J IlLi 
Proposition 1. For any n > 3 t/ie formula S n = S' n _i6^_ 1 i/(? ri_1 [n]) holds. 

Lemma 2. T7ie expression S n -id^ lk gi, I < n, equals 

qS n „id+ k - qr- x qS n - X e n _ x e n _ 2 • • • ej for I < k, 

g5 , „_i<i+ fc _ 1 + r~ 1 5 , „_ie„_ie n _2 • • • ej for I = k > 1, 

r^Sn-id+K forl = k = l, 

g _1 S' rt _id+ fc+1 + qS n -id+ k - g 2 *~ 1 S , r ^-ie n _ie n _ 2 • • • ej for I = k + 1, 

qSn-xdZ^ for I > k + 2. 

Proof of the Proposition. Let := <S , TJ ,_i6^_ 1 i/(g ri_1 [ n ])- We prove that S' n gi = qS' n 
for any i = 1,2,... , n — 1. Then we conclude that S' n ei = q~ x S' n giti = q~ x r~ x S' n ei and 
hence (g _1 r~ 1 — 1)5^6$ = 0. Since r 7^ we obtain S^e^ = 0. Now and the 
assertion of the Proposition for k < n imply that 

s' n 2 =s , n s 2 b^^ ■ ■ • fc^i/toWM • • ■ <r>]) = s 'n- (7) 

Hence, is the symmetrizer of the algebra BWM (r, g) . 

Let S'n, = Sn-ibn-i i- We prove that S^ft = gS n for any i = 1,2,... , n — 1. For this 
we use the relations of the algebra BWM(r, q) and Lemma ^. Observe that in Lemma 
only S n -i occurs. Therefore, we can use that S n -igi = qS n -i for all i = 1, . . . , n — 2. 
Let now z > 2. Then 

' n— 1 A n— 1 
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=s n _i q j 9n-ign-2 ■ ■ ■ g n -j + _ 2n _3 r E I () 



2n-23-l d + 

Sn-1 ( q E tfSn-i ■ ■ ■ 9n-j + <?"~*~ 1 5 , n-i • • ' 9i+l9i + 
\ 3=0 

n-1 

+ (T~ l 9n-\ ■ ■ ■ <7i+i(l + qg% - r~ x qei) +q ^ <?9n-i • • • flh-j + 



n— i— 2 



j=n— i+1 



\j=i 

- g 2t - 3 e n _! • • • ei ) + q 2n - 2t ~ l (qd^ + r~ x e n . x ■■■*) + 

n-l 



n— 1 



S'n-i ( ? E ^n-i ' ' ' 9n-j ~ g n ~ i g _r,+H " 1 r~ 1 ge n _i ■ ■ ■ e i+1 ei + 

/ n— 1 



_ r -l£ g n~i[ n _ 1 _ i J)g ri _ 1 ... e . 

=qS n -ib+_ 1>1 + qSn-^-qr- 1 + (-q" + r^ 1 g)/(l - q 2n ^r))e n ^ • ■ ■ e, 

The case i = 1 can be proven similarly. □ 

Proof of the Lemma. Let I < k. Using the relations we obtain 

fc-i 



Sn-ldn,k9l =S n -l^n-l ' ' 4 &k Q % 9k-1 ' " " 9k-i9l 

i=0 

tk-l-2 
Q E 1 % 9k-i ■ ■ ■ 9k-i + q k ~ l ~ l gk-\ ■ ■ ■ 9i+i9i+ 
i=0 

fc-1 > 

+q h ~ l 9k-i ■ ■ ■ gi+i(l + m - r~ l qe{) + q ^2 1 l 9k-i ■ ■ ■ 9k~i 



i=k-i+\ 

tfe-l 
Q E 1 % 9k-x ■ ■ ■ 9k-i ~ g fe_ V _1 gg _fc+i+1 e fc _i •■■(, 
i=0 

=qS n ^ 1 d^ k - qr~ x qS n - X e n ^e n _ 2 ■ ■ ■ e h 

The other cases can be shown similarly. □ 

If we apply the automophism ip := a n (the antiautomorphisms if := (3 n and if := 
a n o f3 n , respectively) to the symmetrizer S n , we reobtain S n . Indeed, the image of S n 
is an idempotent, (p(S n )<p(S n ) = (f(S 2 ) = <f(S n ). Further, 

<p(S n )gi = v{Sn9n-i) = qp(S n ) for alH = 1, . . . , n - 1 (8) 



(<f(S n )gi = ip(ip(gi)S n ) = ip(qS n ) for all i = 1, . . . , n— 1). Thus we obtain the following 
formulas for the symmetrizer S n : 

i-i 

d'ti : = a k(dt A ) = e i e 2 ■ • ■ ek-i E tfdk+i-i ■ ■ ■ gk-i+j, (9) 



Kk :=aw-i(&iti) = E 9*9192 -*+ 1 _ * E 9*~™<**+M> ( 10 ) 

i=0 ^ i=l 

i-1 

: =fln( d ti) = E^^-J ' ' " P*-ie*e i+ i • • -e k -i, (11) 

5=0 

k k 

<i ==& = E 9W* • • • + x _ l-i r E ? 2fc " 2i+1 4 +M) (12) 

i=0 ^ i=l 

i-1 

d% : =Pn(d%) = E fdk-i+j ■ ■ ■ 9k-i+ie k -i ■ ■ ■ e 2 ei, (13) 

j=0 



a i 



k :=Ai(6jj = E ^ • • • flwi + 1 _ l-i r E ^^^i+i,*- ( 14 ) 

i=0 ^ i=l 

= S'n-l^- 1 ,i/(g n_1 H) = S^m^Jiq^H) 

= aU+Sn-i/iq^ln]) = a+^^ll/^M)- (15) 

4. The Antisymmetrizer 

It is well known that the antisymmetrizer A n is the unique nonzero idempotent in 
the algebra BWM(r, q) n such that A n gi = —q~ l gi for all i = 1, . . . , n — 1. Let us ex- 
amine the image A' n of the symmetrizer S n under the isomorphism 7 n : BWM(r,j)) n — > 
BWM( M ) n , p = -g- 1 @, Proposition 3.2 (c)]. Obviously, A' n 2 = ln (S n ) 2 = ln (S 2 n ) = 
7n{Sn) = A' n1 hence A' n is an idempotent. Moreover, 

A' n 9i = ln(S n )<y n (gi) = in(S n gi) = ]ry n (S n ) = -q^A' n (16) 

for all % — 1, . . . , n— 1. The explicit formulas for show that is nonzero. Hence, 
is the antisymmetrizer of the algebra BWM(r, q) . We obtain the following formulas: 

d k,t : =7n(^) = e fc -ie fc _ 2 • • -ei ^{-Q)' 3 9i-i • "9%-i, (17) 
:=7»(&Ji) = E(-?)"W-i ■ ■ " " - q 9 2fc+lr E 9*" 5 *" ld ^M' ( 18 ) 

i=0 ^ i=l 



i-1 



d'k,i : =7n(d'Ji) = eie 2 • • • e fc _i J^(-g) 3 g k +i-i • • • 9k~i+j, (19) 

j=0 

K, k :=7«(&I J = £(-*rW • • • ^ - i T l,+i r E (Z 24 - 2 *- 1 ^!,*. (20) 
i=o y i=l 

i-1 

4,i : =7n(^i) = E( -9 )~ J ^-J ' ' 'ft-i^^+i ' * -efc-i, (21) 

fe „ it 

«M :=7n(aji) = E(-«)"W-, ' ' ' <?fc-i<?fc - 1 \ k+lr E g 24-2 * -1 ^!,*, (22) 
i=o y i=l 

i-1 

^'fe,i := 7n(<?y = E( -9 )~ Jfffc - i+ J ' ' -^-i+iefe-i ' • ,e 2ei, (23) 

j=0 

^ :=7n« fc ) = ' ' ' ™i - j , 4^ E ^"^i- ( 2 4) 

i=0 y i=l 

For the antisymmetrizer A n = 7„(S' n ) the following equations hold: 

A n = q^A^b-^Jln] = ^-^-iN^n-i/H (25) 
= ?" _1 a~_ 1;1 A n _i/[n] = ? B - 1 ai;„-iA»-i[l]/[n]. (26) 
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